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Abstract We demonstrate that the operation of taking disjoint unions 

of J-holomorphic curves (and thus obtaining new J-holomorphic curves) 
has a Seiberg-Witten counterpart. The main theorem asserts that, given 
two solutions {Ai,ipi), i = 0, 1 of the Seiberg-Witten equations for the 
S'pm'^ -structures W^, = Ei® (Ei (g) K~^) (with certain restrictions), there 
is a solution (A, tp) of the Seiberg-Witten equations for the S'pm'^-structure 
We with E = Eq^ El, obtained by "grafting" the two solutions (Aj, •^j) . 
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1 Introduction 

In his series of groundbreaking works [4], [5], [6], Taubes showed that the 
Seiberg-Witten invariants and the Gromov-Witten invariants (as defined in [7]) 
for a symplectic 4-manifold {X,u) are the same. His results opened the door 
to a whole new world of interactions between the two theories that had previ- 
ously only been speculations. The most spectacular outcomes of this interplay 
were new results that in one theory were obvious but when translated into the 
other theory, became highly nontrivial. An example of such a phenomenon is 
the simple formula relating the Seiberg-Witten invariant of a S'pm'^ -structure 
W to the Seiberg-Witten invariant of its dual S'pin'^ -structure W* , i.e. the one 
with ci{W*) = — ci(VF). The formula reads: 



When translated into the Gromov-Witten language, this duality becomes 



Here K is the canonical class of {X,ll>) and E G H'^{X;Z) is related to W as 
ci{W'^) = 2E — K. This is a highly nonobvious result about J-holomorphic 
curves, even in the simplest case when E = 0. In that case we obtain that 



SWx{W*) = ±SWx{W) 



Grx{E) = ±Grx{K-E) 



(1) 
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Grx (K) = it Grx (0) = ± 1 , the latter equation simply being the definition of 
Grx(O). This gives an existence result of a J-holomorphic representative for 
the class K , a result unknown prior to Taubes' theorem. The formula (1) has 
recently been proved by S. Donaldson and I. Smith [1] without any reference to 
Seiberg-Witten theory (but under slightly stronger restrictions on {X, u) than 
in Taubes' theorem). 

In the author's opinion, proving a result about Gromov-Witten theory which 
had only been known through its relation with Seiberg-Witten theory, without 
relying on the latter, has a number of benefits. One is to understand Gromov- 
Witten theory from within better. But also to possibly generalize the theorem 
to a broader class of manifolds. Recall that Taubes' theorem equates the two 
invariants only on symplectic 4-manifolds. Both Seiberg-Witten and Gromov- 
Witten theory are defined over larger sets of manifolds, namely all smooth 
4-manifolds and all symplectic manifolds (of any dimension) respectively. On 
the other hand, even within the category of symplectic 4-mamfolds, one can 
hope for more nonvanishing theorems i.e. theorems of the type Grx{E) ^ for 
classes E ^0, K . The techniques used by Donaldson and Smith are promising 
in that direction. 

The aim of this paper is to prove a result in the same vein but going the 
opposite direction. Namely, on the Gromov-Witten side, given two classes 
Ei G ii"2(X;Z), i = 0,1 with Eq ■ Ei =0 and J-holomorphic curves 2^,- 
with [Sj] = P.D.{Ei), one can define a new J-holomorphic curve S = SqUSi. 
By the assumption Eq ■ Ei =0, the two curves Ej are either disjoint or share 
toroidal components (see [2]). In the former case, S is simply the disjoint union 
of So and Si and in the latter case one needs to replace the tori shared by Sq 
and Si with their appropriate multiple covers. This induces a map on moduli 
spaces: 

MfiEo) X Mf{Ei) ^ Mf{Eo + Ei) (2) 

This article describes the Seiberg-Witten counterpart of (2). That is, given two 
complex line bundles £^0 Siiid Ei (with certain restrictions, see the assumption 
3.1 below for a precise statement) and two solutions (Aijipi) of the Seiberg- 
Witten equations for the S'pm'^ -structures = E^ ® {E^ (g) K"^) , i = 0,1 
and with Taubes' large r perturbation, we show how to produce a solution 
(Ajip) = (AcV'o) • (^i^V'i) for the S'pin'^ -structure We with E = Eq®Ei. 
This operation induces the following commutative diagram: 
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G 



G 



(3) 



Mf{Eo) X Mf{Ei) 



u 



. Mf{Eo + Ei) 



Here the map 9 : ^ is the map described in [4] that 

associates to each solution of the Seiberg-Witten equations an embedded J- 
holomorphic curve. The solution (^4, ■0) is obtained by "grafting" the two so- 
lutions (Aijipi). The key observation here is that for the large r version of 
Taubes' perturbation, a solution {B, (f)) of the Seiberg-Witten equations for the 
Spm*^ -structure We is "concentrated" near the zero set of \/ra^ the E com- 
ponent of (j). That is, the restriction of {B,(j)) to the complement of a regular 
neighborhood of a^^(O) converges pointwise (under certain bundle identifica- 
tions) to the unique solution [Aq, \/ruo) for the anticanonical iSpm"^ -structure 
Wq = K^^ . This is used to define a first approximation of by declaring 
it to be equal to in a regular neighborhood Vi of a~^(0) and equal to \/ruQ 
on the complement of Vq U Vi . Bump functions are used to produce a smooth 
spinor. The first approximation of A is simply the product connection Aq®A\. 
The contraction mapping principle is then evoked to deform this approximate 
solution to an honest solution of the Scibcrg-Wittcn equations. The author 
has learned the techniques employed in this article from the inspiring work of 
Taubes on gauge theory of symplectic 4- manifolds, most notably from [5]. 

The article is organized as follows. In section 2 we review the needed Seiberg- 
Witten theory on symplectic 4-manifolds. Section 3 explains how to define an 

"almost" monopole {A' ,'4)') from a pair of monopoles i = 0, 1. It 

also analyzes the asymptotic (as r ^ oo) regularity theory for the linearized 
operators ,^,) and deduces a corresponding result for ,^/) . The latter 
is used in combination with the contraction mapping principle to obtain an 
"honest" monopole [A, ijj) . Section 4 compares the present method of grafting 
monopoles to the one used in exploring Seiberg-Witten theory on manifolds X 
which are obtained as a fiber sum: X = Xi^y,X2- Section 5 proves a converse 
to theorem 3.11. It explains which monopoles in the S'pm'^ -structure We can 
be obtained as products of monopoles {Ai,ipi) in the S'pin'^ -structures WEi, 
i = 0, 1 with Eq El = E and with the property that Q{Ai,il)i) does not 
contain multiply covered tori. 

Acknowledgment The author would like to express his gratitude to his thesis 

advisor, professor Ron Fintushel, for his continuing help and encouragement 
during the process of writing this article, the author's doctoral thesis. 
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2 The Seiberg-Witten equations on symplectic man- 
ifolds 

2.1 Introduction 

Let {X, Lo) be a symplectic, smooth, compact 4-manifold with symplectic form 
uj. Denote by J' the set of all almost complex structures J on TX that are 
compatible with lo, i.e. the ones for which 

g{v, w) = gj{v, w) = u{v, Jw) v,w G TX 

defines a Riemannian metric on X . Given a J G ^7, the associated metric gj 
will always be assumed throughout to be the metric of choice. 

On any almost complex 4-manifold there is a anticanonical S'pin'^-structure 
Wo = Wfl © VFq" determined by the almost complex structure as: 

v.a {vq i a a — i^a) V G TxX, a G Wq^x, x £ X 

In the above, f q i ^ ^^'^ denotes the (0,1) projection of v* G T*X, the dual 
of f G T^X . All other Spm^ -structures can be obtained from Wq by tensoring 
it with a complex line bundle E and extending Clifford multiplication trivially 
over the E factor, i.e. 

W| =E^W^ 

v.{ip ® a) =ip® {v.a) if G E^, v G T^X, a G Wo,a;, x £ X 

The symplectic form u induces a splitting of A^'+ as 

A2'+ ^ M • o; © A°'2 (4) 

which will be used below to write the curvature component of the Seiberg- 
Witten equations as two equations, one for each of the summands on the right- 
hand side of (4) . 

Given a ^pin'^ -structure We on X , the Seiberg-Witten equations are a coupled, 
elliptic system of equations for a pair (^,"0) of a connection A on E and a 

positive spinor ifj G T[W^) = T{E © (i? © K~^)) . The connection A on E 
together with a fixed connection Aq on K^^ (which will be made specific in 
a bit), induces a Spm'^ -connection on We which we will denote by V"^ and 
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which in turn gives rise to the Dirac operator Da ■ T(We) — ^{We) ■ It proves 
convenient to write the spinor ^/^ in the form 

where r > 1 is a parameter whose significance will become clear later. With 
this understood, the Seiberg-Witten equations read: 

Da{iI^) =0 

F+=q{'4,,i>)+^ (5) 

Here G is a fixed imaginary, self-dual two form on X and q : r(l^^) x 

T{W^) is the bilinear quadratic map given explicitly by 

V) = - m')^ + + ocP) (6) 

2.2 The anticanonical S'pm^-structure 

It is another result of Taubes' [8] that the Seiberg-Witten invariant of the 

anticanonical S'pfn'^-structure on a symplectic manifold is equal to ±1. Fur- 
thermore, the equations have exactly one solution (^O) aA" ' ^o) ) £ r(C) , for 
the choice of 

in (5) and for r ^ 1 . The purpose of this section is to describe the solution 
{Aqi^/tuq) and its linearized operator. 

The pair (^O) xA" • '^o) is characterized (up to gauge) by the condition 

(V%o,i^o) = (8) 

(where V° is the S'pm'^-connection induced by .4o) and can be obtained as 
follows: let uq be any section of C © with |tio| = 1 and whose projection 
onto the second summand is zero. Likewise, let A be any connection on 
and let be its induced ^pin'^ -connection on = C © . Set a = 
{uq^V^uq) . This defines an imaginary valued 1-form as can easily be seen: 

a + a = {V^uq, Uq) + {uq, V^tto) = d \uq\^ = 

Define the connection on by = ^ — a which induces the Spiff - 
connection = V"^ — a on Wq . This connection clearly satisfies (8). With 
the choice of n as in (7), the Seiberg-Witten equations (5) take the form: 

n = - 1 - W> + + ^(a/3 + aP) (9) 
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Since the /3-component of uq is zero and since \a\ = \uo\ = 1, the pair {Ao,uo) 
clearly solves the second equation of (9). The fact that is also solves the first 
equation relies on the property du = oi lo as well as (8). Taubes [8] showed 
that there are, up to gauge, no other solutions to (9) and, as we shall presently 
see, that the solution (^0)'"o) is a smooth solution in the sense that the lin- 
earization of (9) at (^0) '"o) lias trivial cokernel. These two facts together show 



that SWx{Wo) = ±1. 

Define S : L^''^{iA^ eWf^) L'^{iA^ eiA'^'^ (BWq) to be the linearized Seiberg- 
Witten operator for the solution {Aq,uo). Thus, for (6,(^05^2)) £ L^'^(iA^ ® 
{C®K-^)) we have: 



Let S* : L'^{ihP ® Wq) L^''^{iA^ W^) be the formal adjoint of S. 
The following proposition and corollary are proved in [5], section 4. 

Proposition 2.1 Let S and S* be as above. Then the operator SS* on 
Lp'{iA^ ® iA'^'+ e Wq) is given by 



where V°'* is the adjoint of V° and where TZi, i = 0,1 are certain r-independ- 
ent endomorphism on L?{i{A^ A^'+) Wq). 

The proof is a straightforward calculation, terms of the form Dj[,^D*^ are 
simplified using the Weitzenbock formula for the Dirac operator. An important 
consequence of (11) is the following: 

Corollary 2.2 With S and S* as above, the smallest eigenvalue Ai of SS* 
is bounded from below by r/16. In particular, S is invertible and S~^ satisfies 
the bounds 



S{b, (Co, 6)) 




(10) 



SS* = - v°'*v° + 7^o + v^7^l + ^ 

4 8 



(11) 



\\S ^y\\2 < -^\\y\\2 and \\S ^y||i,2 < ||y||2 




(12) 



where C is r -independent. 
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2.3 The general case and bounds on (a, ip) 

Consider now a ^pin'^ -structure We = E Wq on X . The connection 
on and a choice of a connection Bq on E together induce a connection 

(g) Ao on E^^ (g) K-^ = ci{W+) by the product rule: 

The space of connections on E^'^ ^ is an affine space with associated 
vector space . With the choice of a "base" connection B'^'^ Aq in place, 
we will from now on regard solutions to the Seiberg-Witten equations as pairs 
{a,i;) G in]^ X T{W^) rather than {A,tjj) G Conn{E^^ ^ K'^) x r{W^), the 
relation between the two being: 

A = B^'^^Ao + a 

We will agree to use henceforth the choice of n in (5) to be: 

IT 

I^ = -J^ + Fao (13) 

For V G ^{E (g) (C e K-^)) we will write -ip = ^/r {a uo,/3) with a G T{E) 
and (3 G r(£^ (g) iC"^) and as in the previous section. 

With these conventions understood and with the use of (4) , the Seiberg-Witten 
equations (5) become: 

Fy=jiH'-m'-i)^ (14) 

Here Fa'' is the orthogonal projection of 2 F^^ + d'^a onto A*''' . The linearized 
operator L(a_^) : L^^^{iA^eW^) L'^{iA'^®iA'^'+®W^) of the Seiberg-Witten 
equations for a solution (a, tp) of (14) is: 

d*b + z^ Im((a,eo) + (/3,e2)), 
L(a,^)ib,i^0,^2))= d+b-V^q{Co+C2,i^)-V^q{^P,^o+^2), (15) 

It is another result of Taubes' that the operator L(^a,ip) has Predholm index zero 
on a symplectic manifold with 6^ > 2, provided that -E is a basic class. As we 
will use this fact repeatedly throughout the paper, we give a short proof of it 
here: 
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Theorem 2.3 (Taubes) Let X be a symplectic manifold with 6^ > 2 and 

E e H'^iX; Z) a basic class, i.e. SW{We) / 0. Let (a, ip) be a solution of (14) 
and L(^a,ip) be the operator defined by (15). Then the Fredholm index of L^a,ip) 
is equal to zero. 



Proof As E is assumed to be a Seiberg-Witten basic class, it has to also be a 
Gromov-Witten basic class. In particular, the dimension of the Gromov-Witten 
moduli space has to be non-negative: 

dim M^''{E) = ^{E^ -K-E)>0 

Let S be an embedded J-holomorphic curve in X with [S] = P.D.{E). Then 
the adjunction formula for S states: 

2g-2 = E'^ + K-E 

Gombining these last two relations we obtain two inequalities: 

E'^ >g-l and K -E <g-l 

Let n > be the integer such that E^ = g — 1 + n and K-E = g — 1 — n. 
Since E' is a Gromov-Witten basic class, by duality, so is K — E. But then (by 
positivity of intersection of J-holomorphic curves) we must have: 

Q<E-{K-E) = E-K-E'^=g-l-n-{g-l + n) = -2n < 

This forces n = and soE^ = g— 1 = K-E. Using these in the index formula 
for -f'(A,V') immediately yields the desired result: 

Ind L(„,^) = i ((2^; - Kf - (3c7 + 2e)) =\{K^- (3a + 2e)) = □ 

We also use this section to remind the reader of several useful bounds that 
a solution (a, tp) of the Seiberg-Witten equations satisfies. These bounds are 
provided courtesy of [4] and their proofs rely solely on properties of the Seiberg- 
Witten equations. 
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A solution (a,V') of (14) satisfies the following bounds: 

, , c 
\a\<l + — 



r 



(16) 



\V^a\l <CVrexp ^-^dist(a;, a-^(O)) 
l-\a{x)f\ <Cexp (-^dist(x,a-^(0)) ) , 



Faix)\ <Crexp ( -^V^dist(x, a-^(O)) 




Remark 2.4 The constant C appearing above may change its value from 
line to line. It is important to point out that C only depends on the Spirf- 
structure We and the Riemannian metric g but not on the particular choice 
of the parameter r. This will be the case for all the numerous constants (all 
labeled C) appearing subsequently and we will henceforth tacitly adopt this 
misuse of notation. 

3 The main part 

3.1 Producing the approximate solution (a, V') from a pair 

(acV^o), (01,-01) 

Let Eq and E\ be two complex line bundles over X . The aim of this section 
is to produce an approximate solution (a, 'ijj) of the Seiberg-Witten equations 
for the S'pin'^-structure Weo(^Ei from two solutions {ao^ipo) and {ai^ipi) for 
the Spm"^ -structures Weo and Wei respectively. Implicit to our discussion 
are the choices of two "base" connections Bq and Bi on Eq and Ei and the 
product connection Bq Bi they determine on Eq Ei. As before, we will 
write = \fr{ai ® uq, Pi), i = 0, 1 , and ip = (8) uq, 13) . We define (a, ip) 

as: 



a = ao + 0,1 



a = aQ® ai 

^ = ao (8) /3i + ai (8) /3o 



(17) 
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The first task at hand is to check how close (a, tp) comes to solving the Seiberg- 
Witten equations. We begin by calculating Da4^ locally at a point x £ X. 
Choose an orthonormal frame {ei}i in a neighborhood of x and let {e*}j be its 
dual frame. 

= VrDao (ao <^ ""o) <8) cci + Vrao (g) Dai ("i <^ "o)+ 

+ Vre'.V^. (ao (g) /3i + ai (g) (3o) 
= (ao <g) uq) (g ai + \fraQ (g (ai (g -^0)+ 

+ V^(ao (g e\(V^i/3i) + ai (g e\(V^°^o)+ 

+ (V«°ao) (g e\^i + (V^iai) (g e\/?o) 
= -\/r£)ao ("0 <^ ""o) <g cci + \/rQ;o <^ -^ai (ai <g ""0)+ 

+ V^(ao «) r>ai/5l + ai (g i^ao/3o)+ 

+ V^((V^°«o) «) e\/3i + (V^^ai) (g e\/?o) 
= (Daoipo) <g) ai + cco ® (^oiV'i)+ 

+ V^((V^°ao) ® e\Pi + (V^^ai) (g e\/?o) 
= V^(V^°ao) <8 e^/3i + V^iV^^ai) (g e\/?o (18) 

It is easy to see, using the bounds in (16), that the first term in (18) satisfies 
the following pointwise estimate : 



i a |2 



r|(V^°ao)(ge\/3: 



< 



<Crexp (^-^dist(a;, 0(7^(0))^ • exp (^-^dist(.x, ^^^(O))^ (19) 

The second term in (18) satisfies the same bound. In order for the right hand 
side of (19) to pointwise converge to zero, it is sufficient and necessary that 
there exist some ro > 1 such that for all r > ro, the distance from a^^i^) to 
aj~^(0) be bounded from below by some r-independent M > 0. This condition, 
under the map from (3), is the Seiberg-Witten equivalent of the condition 
that Ej = 0(Ai,i/)j) be disjoint curves. Thus, from now onward we will make 
the following assumption. 

Assumption 3.1 As above, lei Eq,Ei G H'^{X;'L) he two line bundles over 
X . Let (■0i,ai), i = 0,1, be two solutions to the Seiberg-Witten equations (14) 
for the Spin'^ -structures We^ with tpi = s/r {ai (guoj/^o) and ttj G T{Ei). We 
henceforth make the assumption that there exists an ro > 1 and M > such 
that for all r > tq the inequality 

dist{aQ\0), a^^ (0)) > M (20) 
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holds. 

We now proceed by looking at the second equation in (14): 
F'/-iri\a\'-l-\pf)u = 

= Ko' + K;' - \r (|aoP • - 1 - |aoP • - \a,\^ 
- 2(ao/3i,ai/3o))a; 

= i^aV + - \t |aip(|aoP - 1 - W)u^- \r \a^\\\a,\^ - 1 - u 

+ -r (|q!oP - l)(|aip - + -r (q;o/3i, ai/3o) 
= (1 - |ai|2)(|ao|' - 1 - |/3o|')a; - (1 - |aoP)(|aiP - 1 - 

From this last equation, and again using (16), one easily deduces that: 
\Fl^'~T{\a\^-l-\(3\'')u\< (21) 
< Crexp |^-^dist(x,ao^(0))^ • exp ^-^dist(a;, a5;^(0))^ + 
Finally, we consider the third equation in (14): 



- Ir a/3 = + F^^s _ ^ ^^^^^^^ ^ ^^^^^ 

= ^rao/3o + ^'^ai/?! - |ao|^ai^i - |a;ipao/3o 

= -r (1 - |aip)ao/3o + ^''(l " |aoP)ai/3i 
Once again using the bounds (16), we find from this last equation: 

|Fr-Jra/3|< (22) 

< Crexp |^-^dist(a;,ao ^(0))^ • exp ^-^dist(a;, a5;^(0))^ + 

To summarize, we have proved the following result. 

Proposition 3.2 Let (a, ip) he defined as in (17) and assume that there exists 
an ro > 1 and M > such that for all r > vo, the distance dist{aQ^ (0), a^^{0)) 
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is bounded from below by M . Then for large enough r and any x ^ X the 
pointwise bound below holds: 

\{DaW,Fy - Ir - 1 - \pf )u,F^'' - '-raP)\, < (23) 

3.2 Inverting the linearized operators of {ai,ipi) 

This section serves as a digression. The main result of the section is theorem 
3.6, an asymptotic (as r — > oo) regularity statement for the linear operators 

We start with two easy auxiliary lemmas: 

Lemma 3.3 Let L : V ^ W be a surjectivc Frcdholm operator between 
Hubert spaces. Then there exists a 5 > such that for every linear operator 
£ -.V ^ W with ||^(x)||^y < 5 , the operator L + £ is still surjective. 

Proof Since L is Fredholm, we can orthogonally decompose V as V = Ker(L) 
elm(L*). Let Li be the restriction of L to Im(L*). Then Li : Im(L*) W 
is an isomorphism with bounded inverse L^^ . 

If the lemma were not true then we could find for all integers n > 1 an operator 
in '■ V ^ W with ll^ia^llvi/ < l/""- • W^Wv and with Coker(L + £„) / {0}. Let 

7^ yn £ Cokcr(L + in) with Hynllvv = 1 and Xn = L^^{yn)- Notice that 
the sequence is bounded by Since j/„ G Coker(L + ^„), j/„ is 
orthogonal to Im(L + . In particular, 

{{L + in)Xn,yn) = 

This immediately leads to a contradiction for large enough n since {L x„, yn) = 

1 and \{inXn,yn)\ < \\Li^\\/n. □ 

Lemma 3.4 Let V and W be two finite rank vector bundles over X and 
Lr : -L^'^(y) L^(W) a smooth one-parameter family (indexed by r > 1) of 
elliptic, first order, differential operators of index zero. Assume further that 
there exists a S > and tq > 1 such that for any zeroth order linear operator 
i : L'^'^iV) L'^{W) with \\e.{x)\\2 < <5||x||i,2, the operator Lr + i is onto. 
Then there exists a vi > tq and a M > such that for all r > vi the inverses 
of the operators L^ are uniformly bounded by M , i.e. ||L~^y||i^2 < -^||y||2- 

Algebraic & Geometric Topology, Volume 3 (2003) 



Grafting Seiberg-Witten monopoles 



167 



Proof Notice that a universal upper bound on L~ is equivalent to a universal 
lower bound on . Suppose the lemma were not true: then there would be a 
sequence r„ ^ oo and Xn G L^''^{V) with ||a;„||i^2 = 1 and ||L^„x„||2 < l/n. 
Choose n large enough so that l/n < S and define the operator £ : L^''^{V) 
L'^{W) hy £{x) = —{xn,x)i^2- Lr„{xn)- For this £ the assumption of the lemma 
is met, namely 

||^(aj)||2 < -Iklli,2 < <^lk||i,2 

Thus the operator Lr^+£ should be onto and injective (since the index of Lr+£ 
is zero). But Xn is clearly a nonzero kernel element. This is a contradiction. □ 

Recall that the set J' of almost-complex structures compatible with the sym- 
plectic form u , contains a Baire subset jTo of generic almost-complex structures 
in the sense of Gromov-Witten theory (see [7]). Also, as in the introduction, 
let 

e : M^x^{We) ^ M^'^iE) (24) 

be the map introduced in [4] which associates an embedded J-holomorphic 
curve to a Seiberg-Witten monopole. 

Proposition 3.5 Let J be chosen from J'q and let {a,tp) be a solution of the 
Seiberg-Witten equations (14) such that 0(a,V') doesn't contain any multiply 
covered components. Then there exists a S > and an vq > 1 such that for 
all linear operators £ : L^'2(zA^ (g) W^) -> L'^{iA° © iA'^'+ (g) W^) with 
norm ||^(x)||2 < 5||a:||i,2, the operator ij(a,^) +£ is surjective. 

Before proceeding to the proof, notice that proposition 3.5 and lemma 3.4 im- 
mediately imply the following theorem, the main result of this section: 

Theorem 3.6 Choose J G Jo and let (a,V') be a solution of the Seiberg- 
Witten equations for the Spin'^ -structure We with parameter r. Assume 
that 0(a, i/j) contains no multiply covered components. Then there exists a 
r— independent M > and tq > 1 such that for all r > tq: 

||i^^„;^)X||i,2<M||x||2 (25) 

Proof of proposition 3.5 The proof is a bit technical and relies on the even 
more technical account from [5] on the connection between the deformation 
theory of the Seiberg-Witten equations on one hand and the Gromov-Witten 
equation on the other. The idea is however very simple: for large r ^> 1, 
a certain perturbation of the operator L (with the size of the perturbation 
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getting smaller with larger r) has no cokernel if a certain perturbation of the 
linearization of the generalized del-bar operator has no cokernel. The latter is 
ensured by the choice of a generic almost complex structure J from the Baire 
set Jo of almost complex structures compatible with oj . 

Before proceeding, the (interested) reader is advised to familiarize him/her-self 
with the notation from [5], in particular, sections 4 and 6 as the remainder 
of the proof heavily relies on it. For convenience we restate here the parts of 
lemma 4.11 and a slightly modified version of lemma 6.7 from [5] relevant to 
our situation. 

Lemma 4.11 The equation Lq + -qq = g is solvable if and only if, for each k 
^ckw'' + 7o (^) + nk{w) = x{g^) + -i\{g) 

Notice that the assignment of to r] is linear i.e. for two operators r] and Vj' , 
we have (77 + r]')k = Vk + ^'k- 

Lemma 6.7' The equation (L^^(j^) + i)p = g has an L^'^ solution p if and 
only if there exists u = {u^, u'^) G 0fcL^'^(A/"W) for which 

Ayu' + </.g(n) + 4(n) = Tr^x(/) + 

holds for each k . 

The proof of lemma 6.7' is almost identical to that of the original lemma 6.7 
in [5] . The only difference is in Step 2 where Taubes shows that one can write 
the equation L^,^(^y-^p = g in the form Lp + rjp = g with L as in lemma 4.11 
above and with r/ an appropriate (bounded) correction term (see (6.30) in [5] 
for a precise definition). The difference here is that in our case one can write 
{Lq,^(^y-j + £)p = g as Lp + ij'p = g (with L again as in lemma 4.11 of [5]) but 
with T]' = r] + i. Since £ is assumed bounded, lemma 4.11 applies to r/' in the 
exact same way as it applied to the original r/ and the proof of lemma 6.7 in 
[5] transfers verbatim to our case. Note also that the operators cftf occurring in 
lemmas 6.7 and 6.7 ' are identical so in particular they continue to satisfy the 
bounds asserted by lemma 6.7 of [5]. 

According to lemma 3.3 there exists a d' > such that Ay + i' is still surjective 
if ll^'ll < S' . Choose r large enough so that ||<?!>ol| < S' /2k. On the other hand, 
since 4(t;) = TT{x255,kKJ2k' Xwo5,k'v''')) we find that ||4|| < C\\e\\. Thus 
choosing 6 = 6' /2C ensures that L^^(y) +i is surjective provided that ||^|| < 5. 
This finishes the proof of proposition 3.5. □ 
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3.3 The linearized operator at (a, z/') 

In order to use the contraction mapping principle to deform the approximate 
solution (a, tp) to an honest solution of the Seiberg-Witten equations, we need to 
know that L = Li^a,i>) admits an inverse whose norm is bounded independently 
of r. We start by exploring when the equation 

L^ = g (26) 

has a solution ^ for a given g. Here: 

C e L^'^{iA.^®{Eo^Ei^W+)) and g e L'^{iA^ ®iA'^'+ ® {Eo^ Ei^Wq)) 

The idea is to restrict equation (26) first to a neighborhood of aQ^{0) . Over such 
a neighborhood the bundle Ei is trivial and, under an isomorphism trivializing 
El , the equation (26) becomes a zcro-th order perturbation of the equation 
-^oCo = 50 (with ^0 and go being appropriately defined in terms of ^ and 
g). This allows one to take advantage of the results of theorem 3.6 about the 
inverse of Lq = L(^ao,i>o)- Then one restricts (26) to a neighborhood of a^^(O) 
where the bundle Eq trivializes and once again uses theorem 3.6, this time 
for the inverse of Li = L(^ai,ipi)- Finally, one restricts to the complement of a 
neighborhood of Oq ^(0) U aJ^^(O) where both Eq and Ei become trivial and L 
becomes close to 5 - the linearized operator of the unique solution (.4o, \/ruQ) 
for the anticanonical S'pin'^ -structure Wq. 

To begin this process, choose regular neighborhoods Vi of Q!^^(0), i = 0, 1 
subject to the condition: 

dist(Vb, Vi)>M for some M > 

The existence of such neighborhoods Vi follows from our main assumption (20). 
A priori, as one chooses larger values of r, it seems that the sets Vi may need 
to be chosen anew as well. However, it was shown in [4], section 5c, that in fact 
this is not necessary. An initial "smart" choice of Vi for large enough r ensures 
that for r' > r, the zero sets a~^(0) continue to lie inside of Vi. Choose an 
open set U such that X = VqUViUU and such that 

C/n (ao^(O) Ua^^(O)) = 

Arrange the choices of Vi and U further so that dVi is an embedded 3-manifold 
of X and so that UCiVi contains a collar dVi x /. Here I is some segment [0, d] 
and dVi corresponds to dVi x {d}. For the sake of simplicity of notation, we 
shall make the assumption that for large values of r, the sets a~^{0), i = 0, 1, 
are connected. The case of disconnected zero sets of the a^'s is treated much 
in the same way except for that in the following, one would have to choose a 
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bump function X5,i (see below) for each connected component. This compUcates 
notation to a certain degree but doesn't lead to new phenomena. 

Fix once and for all a bump function x '■ [0, oo) [0, 1] which is 1 on [0,1] and 
on [2,oo). For 0<d < d/lOOO define xs,i : ^ ^ [0, 1] by: 

r 1 xG Vi\{dv^ X /) 

XsA^) = { x(.t/6) X = {y,t) e dVi X I (27) 
[ X ^Vi 

Set Fq' = VoUU and Vl = ViUU. Define the isomorphisms Tq : CxyJ ^ Ei\y, 
and Ti : C X — > Eo\y, as To(A,x) = ai{x) ■ A and Ti(A,x) = ao{x) ■ A. 
Also, for z = , 1 define the operators 

Mi : L^'^iiA^ e {Ei (g) W+);V^) L^{ihP lA^'^ {Ei ® W^);Vl) 

and 

T : Li'2(zAi W+- U) L^{iA^ iA^'+ Wq- U) 
by demanding the diagrams 



Li'2(iAi e [Eo ®Ei®W+)- VI) 

L 



L'''{iA^eW+;Vi') 

M, 



L'^{iA^ ®iA^'+ ®W--Vl) 



L2(iA0 zA2'+ {Eq ®Ex®Wq)- VI) ^ 
and 

L^^'^{iA^®{Eo®E^®W^)-U) 3^ Li'2(zAi0Wo+;C/) 



L2(iA0 e iA2'+ e (-Eo (^Ei(^W^)] U) 



TooTi 



L2(iAOeiA2'+eVFo-;C/) 



to be commutative diagrams (with = Ei® W^). 

We now start our search for a solution ^ of (26) in the form: 

i = T^o(xioo5,oCo) + Ti(xioo5,i6) + T^o^i ((1 - X4<5,o)(l - X45,l)??) (28) 

Here ^i G L^'2(iA^ © (^Jj VFo+)) and ?? G L^^'^{iA^ © W^o+). Given a 5 G 
L2(iA0 iA2'+ © (So ®Ei® Wq)), define c/j G L'^{iA^ © zA2'+ © (S^ ® W^)) 
and 7 G L'^{iA^ zA2'+ Wq") as 

gi = '^^\x2b5,i9) and 7 = (^(^0^1)"^ ((1 - X255,o)(l - X255,i)5') (29) 
It is easy to check that g, gi and 7 satisfy a relation similar to (28), namely: 

9 = T^o(xioo5,o5o) + Ti(xioo5,i5'i) + ^o^i ((1 - X45,o)(l - X45,i)7) (30) 
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Putting the form (28) of ^ and the form (30) of g into equation (26), after a 
few simple manipulations, yields the equation 

To(xioo5,o(Mo(Co) - TiP{dx4S,o,v) - 9o))+ (31) 

+Ti(xioo5,i(Mi(ei) - ToV{dx4S,i,r]) - gi))+ 

+ToTi((l - x45,o)(l - X45,i) {Tr) + T^^P{dxioos,o,^o)+ 

+ ToV(dxioo5,i,ei)-7) 
= 

In the above, V denotes the principal symbol of L. This last equation suggests 
a splitting into three equations (each corresponding to one line in (31)): 

Moi^o) - 'Ti'P{dx45,o,v) = 90 

Mi{^i)-ToV{dxAS,i,v)=9i (32) 

Tr] + T^^P((ixioo5,o,Co) + ^P(dxioo5,i, 6) = 7 

Equation (31) (and hence also equation (26)) can be recovered from (32) by 
multiplying the three equations by Tq • Xioo6,o, T^i • Xioo6,i and ToTi • ((1 - 
X4<5,o)(l ~ X4S,i) respectively and then adding them. Thus, given a g and with 
gi and 7 defined by (29), solutions and r] of (32) lead to a solution ^ of (26) 
via (28). However, the problem with (32) is that the operators Mj and T are 
not defined over all of X . We remedy this in the next step. 

Define new operators: 

Ml : L^'2(zA^ e {Ei W+)) L^{iK^ A^'+ ® {Ei Wq")) 

and 

by 

Ml = X2005,iMi + (1 - X200S,i)Li 

T' = {1- X5,o)(l - XS,i)T + {xs,o + XS,i)S (33) 

Here = L^^. ,0.) . Now replace the coupled equations (32) by the following 
system: 

MUCo)-TiVidx45,o,v)=9o 

M[{^i)-ToV{dx45,i,v)=9i (34) 

T't] + T^^V{dxioos,o, ^0) + ^P(dxioo5,i,6) =7 

The advantage of (34) over (32) is that the former is defined over all of X 
(notice that the support of Vidxioos,o,^o) hes in the domain of Tj"^ and the 
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support of 'P{dxioos,ij^i) lies in the domain of T^^ ). On the other hand, 
solutions of (34) give rise to solutions of (26) in the same way as solutions of 
(32) did because 

Xioo5,i • Ml = Xioo5,i - Mi i = 0, I 

(1 - X45,o)(l - X4S,l)T' = (1 - X45,o)(l - X4S,l)T 

Lemma 3.7 For every e > there exists an > 1 such that for r > the 
following hold: 

\\{M[-Li)xi\\2 < e\\xi\\2 
\\{T' -S)y\\2<e\\y\\2 
Here Xi G L^''^{ih^ ®Ei® W^) and y G L^^^{iA^ © W^^) . 

Proof The above Sobolev inequalities are proved by first calculating pointwise 

bounds for |(M/ - Li)xi \p and \{T' - S)y \p, p £ X . Notice firstly that |(M/ - 
Li)xi \p = if p^Vi and \{T' - S)y\p = if p ^ U . For p e Vi and for q e U , 
a straightforward but somewhat tedious calculation shows that: 

|(M/ - Li)xi \p<C |ai|2| + lAI \ai\ + |V""ai|) \xi\p 

\{T' -S)y\q<CiV^\l-\ao\^\ + V^\l-\ai\^\ + V^\Po\ + 

+ V^|/3i| + |V'^°ao| + |V"iai|)|y|g 

Squaring and then integrating both sides over X together with a reference to 
(16) gives the desired Sobolev inequalities. □ 

The lemma suggests that the system (34) can be replaced by the system: 

Li{C[)-^ondX45,i,v')=9i (35) 

sv' + TrV(dxioo5,o,eo) + To V(dxioo5,i,e;) = 7 

Lemmas 3.7 and 3.3 say that for r 3> 0, (34) has a solution {(,Q,^i,r]) if (35) 
has a solution (^qj ^i^v') ■ It is this latter set of equations that we now proceed 
to solve. 

Since S is onto, we can solve the third equation in (35), regarding ^'q and ^'i 

as parameters. Thus: 

V' = v'iCiC'i) = S-Hj - Tr^P(dxioo5,o,Co) - To ^P(dxioo5,i,Ci)) (36) 
Recall that the inverse of S satisfies the bound (12): 

\\S-^y\\2<^\\y\\2 for yeL\iA^®iA^'+®W^) 
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We will solve the first two equations in (35) simultaneously by first rewriting 
them in the form: 

^0 =L^H9o + TiP(dx45,o,r7'(eo,Ci))) 

=L^H9i + ToV{dxA5,ur^'{^o,Q)) (37) 

To solve (37) is the same as to find a fixed point of the map Y : L?{iK^ © 
W+J X L2(iAi © W^+J ^ L2(zA1 © W^^) X L2(iAi © ) given by 

Y{^^,Q= (38) 

= {Lq\90 + TiP(dX45,0, ??')), ^r'(5l + ToP(dX45,l> V))) 

with -q' given by (36) . The existence and uniqueness of such a fixed point will be 
guaranteed by the fixed point theorem for Banach spaces if wc can show that Y 
is a contraction mapping. To see this, let x, y G L^(iA^ © W"^^) x L^(iA^ ® W^,^) 
be two arbitrary sections. Using the first bound of (12) and the result of theorem 
3.6 to bound the norms of , one finds: 



|y(x)-y(y)|p 



2 



= \\L^\go + riV{dx4Sfi,v{x))) - L^\go + '^iV{dxA5fiMy)))\\l 

+ \\Ll\gi + TQV{dxA&,i,ri{x))) - L^\gi + i:oP{dxA5,iMy)))\\l 
<C,Mx)-ii{y)\\l + C,Mx)-r^{y)\\l 

<C\\S-\T^^V{dxim5fi,y) - T^'V{dxioo5,o,x)+ (39) 
+ TQ^V{dxioos,i,y) - '^o^'P(.dxioos,i,x))\\l 

<^\\x-y\\l (40) 

Choosing r > 2C , where C is the constant in the last line of (40), makes Y 
a contraction mapping. Thus we finally arrive at an L2 solution (^o'^i)- It 
is in fact an L^'^ solution because of (37). This, together with equation (36) 
provides a solution {^0,^,1,1]') of (35). As explained above, this gives rise to a 
solution {^0,^1, v) of (34) and thus provides a solution ^ G L^'^ e {iA^ © Wq) 
of (26). In particular, we have proved half of the following theorem. 



Theorem 3.8 Let {ajtp) be constructed from {aijil^i) asm (17). Suppose that 
the {ai,il)i) meet assumption 3.1, that Q{ai,il)i) contains no multiply covered 
tori and that J has been chosen from the Baire set Jq of compatible almost 
complex structures. Then : L^''^{iA^ ®Eo(^Ei(^Wq) L'^{ilSP ®ih?'+ ® 

Eq® El® Wq) is invertible with bounded inverse ||i>^^^)y||i,2 < C \ \y\\2 for 
all sufRciently large r . Here C is independent of r . 
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Proof It remains to prove the inequality ||I'(-^^^-)y||i,2 < C'lblb- Each of the 
two hnes of (37), together with the bound (25) on , yields: 

\mi,2<c{\\gi\\2+\\ri'{eo,m2) m 

A bound for the second term on the right-hand side of (41) comes from (36) 
and the bound in (12): 

||^'(4?i)l|2<^(||7l|2 + ||C^||2 + ||Cl||2) (42) 

Adding the two inequalities (41) for z = 0, 1 and using (42) gives: 

(1 - -^) {\\QU,2 + ||ell|i,2) < C (II50II2 + II51II2 + ^llTlb) (43) 

For large enough r, this last inequality gives a bound on the L^'^ norm of 
(Co''^i) terms of an r-independent multiple of the norm of (^o^^IiT)- 
With this established, the missing piece, namely the L^'^ bound of rj' , comes 
from (36) and the L^'^ bound in (12): 

\W\\i,2 < C(||7||2 + ||eol|2 + mik) < C(||7||2 + II50II2 + II51II2) (44) 

It remains to relate the now established bound on (CojCijV) to a bound for 
{^0,^1,11) ■ To begin doing that, write the systems (35) and (34) schematically 
as: 

^{^o,^i,v') = {9o,gi,l) and ^(Co, 6, ??) = (s-o, 5i, 7) 

Lemma 3.7 implies that for any e > there exists a > 1 such that for all 
r>re the inequality ||(^— ^)a;||2 < e||aj||2 holds. The established surjectivity 
of J- guarantees (by means of lemma 3.3) that Q is also surjective. The proof of 
theorem 3.11 thus far, also shows that ||^~^|| < C where C is r— independent. 
Now the standard inequality 

ll^-'ll < ll^-'ll + 11^-' -^-'11 < ll^-'ll + ll^-'ll • ll^-'ll • 11^ -^11 
implies the 1 — independent bound for ||^~^||: 

IIG-i|| < ll-^-'ll < C 

" " - 1- • \\Q-H - 1-Ce 

This last inequality provides L^'^ bounds on (^o,Ci) and r] in terms of the 
norms of (^Oj^i) and 7 which in turn imply an r— independent L^'^ bound on 
^ = L~^g in terms of the norm of g through (28) and (29). This finishes 
the proof of theorem 3.8. □ 
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3.4 Deforming (a, ip) to an honest solution 

The goal of this section is to show that the approximate solution (a, ip) can be 
made into an honest solution of the Seiberg-Witten equations by a deformation 
whose size goes to zero as r goes to infinity. 

To set the stage, let SW : L^^'^{iA^ W^) L'^{il\P © W^) denote the 
Seiberg-Witten operator 

SW{h, <P) = {d*b , F+ - - q{4>, (t>) + juj, D,4>) 

Wc will search for a zero of SW of the form (a, ip) + (a', ^tjj') with (a', ifj') € B{5). 
Here B{5) is the closed ball in L^'^(iA^ © VFg) centered at zero and with radius 
(5 > which we will choose later but which should be thought of as being small. 
The equation SW{{a, if)) + (a', if)')) = can be written as: 

= SWia, ^) + L(„,^) (a', V') + Q{a' , (45) 

Here Q : L^''^{iA^ © W^) L'^{iJSP © iJS?^+ © W^) is the quadratic map given 
by: 

g(6, (^0, '/'2) = {b.{4>o + CP2), ^(|0o|' - \h\^)co + ^(00 </'2 + 00 <^"2)) (46) 

Lemma 3.9 For x, y € L^''^{iA^ © W^), the map Q satisfies the inequality: 
\\Q{x) - g(y)||2 < C(||x||i,2 + \\y\\i,2) \\x - y||i,2 (47) 

Proof This is a standard inequality for quadratic maps and it can be explicitly 
checked using the definition of Q and the multiplication theorem for Sobolev 
spaces. We give the calculation for the first component of the right hand side 
of (46). Let X = (6, (p) and y = (c, y?) , then we have: 

\\b4-c.ip\\2 =\\b.(l) - c.(l) + c.cl) - C.^\\2 < ||(6-C).0||2 + ||C.((^-^)||2 
<C||6-c||i,2||(/.||l,2 + C||c||l,2||0-<^||l,2 
<C(||(6,0)-(c,V.)||l,2)(||(6,0)||l,2 + ||(c,^)||l,2) 

The other components are checked similarly. □ 

Solving equation (45) for {a' G L^'^(iA^ © W^) is equivalent to finding a 
fixed point of the map Y : B{8) — > B{5) given by: 

y (&,</.) = -L-;^)(W(a,V) + Q(6,0)) (48) 
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In order for the image of Y to lie in B{S) we need to choose r large enough 
and 5 small enough. To make this precise, let {b,<p) G B{6). Using the bounds 
in (23) we find that 

\\SW{a,^)\\2<^ 
and so together with the results of theorem 3.8 and lemma 3.9 we get: 

mb,mi,2<-^+c-s' 

Choosing 6 <1/2C and r > 4C'^/S^ ensures that Y is well defined. 

Lemma 3.10 The map Y : B{6) B{6) as defined by (48) is a contraction 
mapping for r large enough and 6 small enough. 

Proof Let x, y G B(6), then using (47) we find: 

\\Yix) - y(y)||i,2 < C \\Q{x) - Q(y)||2 <C\\x + y||i,2 ||x - y||i,2 (49) 
Choosing S < 1/2C makes C ||a: + y||i,2 < ^CS less than 1. □ 

We summarize in the following: 

Theorem 3.11 Let {a,ip) be constructed from {ai,ipi) as in (17). Suppose 
that the {ai,ipi) meet assumption 3.1, that Q{ai,ipi) contains no multiply cov- 
ered tori and that J has been chosen from the Baire set jTo of compatible 
almost complex structures. 

Then there exists a 6o > such that for any < S < So there exists an > 1 
such that for every r > rs there exists a unique solution {a,ip) + {a! of 
the Seiberg-Witten equations (with perturbation parameter r) with {a\il)') G 
Li'2(zAi e VF+) satisfying the bound ||(a', V')lli,2 < S. 

Remark 3.12 It is not known if theorem 3.11 holds under the relaxed hy- 
pothesis allowing 0(aj,V'j) to contain multiply covered tori. The difficulty in 
dealing with this case stems from the fact that the operators L^^. may no 
longer have trivial cokernel. 
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4 Comparison with product formulas 

Before proceeding further, we would like to take a moment to point out the 
similarities and differences between our construction of {A,ip) from (Aijipi) on 
one hand and product formulas for the Seiberg-Witten invariants on manifolds 
that arc fiber sums of simpler manifolds. We begin by briefly (and with few 
details) recalling the scenario of the latter. 

Let Xi, i = 0, 1 be two compact smooth 4-manifolds and Ej ^ Xi embedded 
surfaces of the same genus and with Eq • Sq = —Si - Si. In this setup one can 
construct the fiber sum 

by cutting out tubular neighborhoods N{Hi) in X^ and gluing the manifolds 
X^ = Xi\N{'Ei) along their diffeomorphic boundaries. 

Under certain conditions one can calculate some of the Seiberg-Witten invari- 
ants of X in terms of the Seiberg-Witten invariants of the building blocks Xi 
(see e.g. [3]). One accomplishes this by showing that from solutions (i?i,$j), 
i = 0,1 on Xi one can construct a solution (-6,$) on X (this isn't possible 
for any pair of sohitions (Bi, c&.j) but the details are not relevant to the present 
discussion) . This is done by inserting a "neck" of length r > 1 between the X'- 
so as to identify X with 

X = Xl^U{[0,r] xY)UX[ 

with Y = dNC^o) = dN{T,i). A partition of unity {ipQ,ipi} is chosen for each 
value of r > 1 subject to the conditions: 

(fi = I on X'i 

ipi = Q outside of X[ U [0, r] X y 
C 

\ip'i\ < — on [0,r] X Y 

An approximation <!>' of ^ is then defined to be = ipQ^Q + ipi <&i (similarly 
for B' , a first approximation for B). The measure of the failure of (i?', $') to 
solve the Seiberg-Witten equations can be made as small as desired by making 
r large. The honest solution [B, $) is then sought in the form [B' , $') -|- (5, 4>) 
with (6, (f)) small. The correction term (6, ^) is found as a fixed point of the 
map 

(6, 0) ^ Z(6, 4>) = {Q{h, ct>) + err) 

Here "err" is the size of SW{B\ <&') and L and Q are as in the previous section. 
Choosing r large enough and 1 1 (5, ^) 1 1 small enough makes Z a contraction 
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mapping and so the familiar fixed point theorem for Banach spaces guarantees 
the existence of a unique fixed point. 

In the case of fiber sums there are product formulas that allow one to calculate 
the Seiberg-Witten invariants of X in terms of the invariants of the manifolds 
Xi . The formulas typically have the form: 

SWx{We)= Y1 SWxo{We,) ■ SWxAWe^) (50) 

Due to the similarity of our construction of grafting monopoles to the one used 
to construct {B, from (Bi, <5j) , it is natural to ask if such or similar formulas 
exist for the present case, that is, can one calculate SWxiWEo^Ei) in terms of 
SWx(Weo) and SWx{Wei)'^ The author doesn't know the answer. However, 
if they do exist, they can't be expected to be as simple as (50). The reason for 
this can be understood by trying to take the analogy between our setup and 
that for fiber sums further. 

In the case of fiber sums, once one has established that the two solutions (Sj, <I>j) 
on Xi can be used to construct a solution {B, $) on X, one needs to establish 
a converse of sorts. That is, one needs to show that every solution {B, $) on X 
is of that form. It is at this point where the analogy between the two situations 
breaks down. It is conceivable in our setup, that there will be solutions for 
the S'pin^ -structure {Eq (g) Ei) Wq that can not be obtained as products 
of solutions for the Spm"^ -structures Ei (g) . Worse even, there might be 
monopoles that can not be obtained as products of solutions for any Spirf- 
structures Fj with the choice of Fj , j = 0, 1 such that E = Fq0 Fi and 
Fj ^ 0. Those are the monopoles where a~^{0) is connected. Thus if a product 
formula for our situation exists, it must in addition to a term similar to the 
right hand side of (50) also contain terms which count these "undecomposable" 
solutions. But then again, they might not exist. 

The next section describes which solutions of the Seiberg-Witten equations for 
the S'pfn'^ -structure {Eq (gi Ei) (g) W^^ arc obtained as products of solutions for 
the Spin'^ -structures Ei Wq , E = Eq® Ei. 

5 The image of the multiphcation map 

This section describes a partial converse to theorem 3.11. Recall that 

e : M^:^{We) ^ Mf{E) 
is the map assigning a J-holomorphic curve to a Seiberg-Witten monopole. 
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Theorem 5.1 Let E = Eq® Ei and let {A,tp) be a solution of the Seiberg- 
Witten equations in the Spin'^ -structure We with perturbation term fi = 
^Ao ~ i'f^l'& and with ip = ^/r {a ®UQ,f3). Assume further that J has been 
chosen from the Baire set Jo and that @{A,ip) contains no multiply covered 
components. If there exists an vq such that for all r > ro, a~^{0) splits into 
a disjoint union a~^{0) = Eq U Si with [Sj] =P.D.{Ei) then ■0) lies in the 
image of the multiplication map 

The proof of theorem 5.1 is divided into 3 sections. In section 5.1 we give 
the definition of {A'^^ifj'-) - first approximations of Seiberg-Witten monopoles 
{Ai,ipi) for the S'pin^ -structure We^ which wlicn multiphed give the monopole 
{A,il)) from theorem 5.1. Section 5.2 shows that for large values of r, {A'^^'il)'^) 
come close to solving the Seiberg-Witten equations. In the final section 5.3 
we show that Lf^j^i^^^i^^ is surjective with inverse bounded independently of r. 
The contraction mapping principle is then used to deform the approximate 
solutions {A'^,il)[) to honest solutions (yli,V'i)- Section 5.3 also explains why 
(^cV'o) • (^i,V'i) = (AV')- 

We tacitly carry the assumptions of the theorem until the end of the section. 
5.1 Defining {A'^,^l,[) 

The basic idea behind the definition of {A'-^ ip'-) is again that of grafting existing 
solutions. For example, one would like ■i/'o to be defined as the restriction of ^ to 
a neighborhood of Sq (under an appropriate bundle isomorphism trivializing 
El over that neighborhood) and to be the restriction of ^/tuq outside that 
neighborhood. This is essentially how the construction goes even though a bit 
more care is required, especially in splitting the connection A into A'q and A'-y . 

To begin with, choose regular neighborhoods Vq and Vi of Sq and Si . Once 
r is large enough, these choices don't need to be readjusted for larger values of 
r. Choose, as in section 3.3, an open set U such that: 

X = Vb U ?7 U Fi 
i7 n Si = 

Also, just as in section 3.3, arrange the choices so that U f\Vi contains a collar 

dVi X [0,(i] (with dVi corresponding to dVi X {d}) and choose 5 > smaller 
than d/lOOO. Assume that the curves Sj are connected, the general case goes 
through with little difficulty but with a bit more complexity of notation. 
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Over UUVi, choose a section 70 G r{EQ;U U Vi) with |7o| = 1. Choose a 
connection Bq on Eq with respect to which 70 is covariantly constant over 
UUVi, i.e. 

Bo(7o(x)) = "^xeUUVi (51) 

Notice that such a connection is automatically flat over U U Vi. Choose a 
connection Bi on Ei such that Bq ® Bi = A over X. Now define d\ G 
r(£;i; U U Fi) and /f/ G r(Ei (g) [/ U Vi) by: 

a = 70 <8) oi' (52) 

/? = 70 ® a' (53) 

Proceed similarly over Vq. However, since some of the data is now already 
defined, more caution is required. Choose a section 71 G V{Ei\Vq) with: 

71 = di' on ([/ n Vo)\{dVQ x [0, 4(5)) 

(54) 

|7i| = 1 on {VQ\U)VJ{dVo X [0,2(5)) 
We continue by defining and /3b over Vq by: 

a. = do' (g) 71 (55) 
13 = 00^11 (56) 
Choose one forms oq and ai such that over Vq the following two relations hold: 

(Si+iai)7i = (57) 
{Bo + i ao) (S) (Bi + i ai) = A (58) 

With these preliminaries in place, wc are now ready to define (A'^jil^'j^): 
«0 = XiSfi ao' + (1 - X45,o)7o A) = X4<5,0 A)' 

"1 = (1 - X45,o) ai' + X45,07l A = (1 - X45,o) A (59) 

^0 = -Bo + iX45,o «o ^'1 = Bi + ixufi oi 



Lemma 5.2 Tiie (A^, i/'Q defined above, satisfy the following properties: 

(a) <^A[ = A on all of X . 

(b) ao = 70 on {U n Vo)\{dVo x [0, 46)) . 

(c) Fbo = on [/ U Vi and Fs^+id, = on Vq. 

(d) On {U nVo)\{dVo x [0,46)), \di\ and \ddi\ converge exponentially fast to 
zero as r — > 00 . 
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Proof (a) This is trivially true everywhere except possibly on the support of 

dxiSfl which is contained in UCiVq. However, on U CiVq we have A = Bq0 Bi 
and A = (Bo + iao) {Bi + iai) and thus oq + ai = 0. In particular, Aq0A[ = 
Bo0 Bi + ixASfi (oo + ai) = Bo® Bi = A. 

(b) Notice that on {U n Vo)\{dVo x [0, 4(5)) , 71 = a[ . Thus, a = 70 71 and 
a = ckq ® 71 imply that 70 = . The claim now follows from the definition of 
ao. 

(c) Follows from the fact that both connection annihilate nowhere vanishing 
sections on the said regions. 

(d) On (U n Vo)\{dVo x [0,45)) we have a = 70 ® 71 and = V^o+^"o 
ySi+mi _ AigQ^ rggg^u ^j^j^^ V^07o = and V^i+"i7i = 0. Thus: 

V'^a = (V^"+"» ® V^i+^"0(7o ® 71) = i ao7o ® 71 
This equation yields: 

l«o| = (60) 
|a| 

The claim follows now for ag by evoking the bounds (16). The same result holds 
for ai by the proof of part (a) where it is shown that ao + ai = on f/nVb- The 
statement for dui follows from part (c), the equation Fa = i^So+iao + ^Bi+iai 
and the bounds (16) for □ 



5.2 Pointwise bounds on SW{A[, 



Proposition 5.3 Let {A\, ijj'^) be deGned as above, then there exists a constant 
C and an ro > 1 such that for all r > vq the inequality 

\sw{K,i^X<-^ 

holds for all X e X . 



Proof We calculate the size of the contribution of each of the three Seiberg- 
Witten equations separately. The only nontrivial part of the calculation is in 
the region of X which contains the support of dxiSfi i.e. in dVo x [45, 86] . We 
will tacitly use the results of lemma 5.2 in the calculations below. 
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a) The Dirac equation 

To begin with, we calculate the expression DA{ido uq + Po) ® 71) in two 
different ways. On one hand we have: 

DA{{ao ®uo + 0o) ® 71) = DA{a + X4S,oP) = (1 - X4S,o)DAa + dx4S,o-P 
On the other hand we get: 

DA{{do®uo + Po)®7i)= (61) 
= 71 (g) Da'^ {do (8) no + Po) + e\{do (g) no + A)) Ai(7i) 
= 71 (g) D^/^ ((fo (g) no + Aj) + i{X4Sfi - l)ai7i 
Equating the results of the two calculations we obtain: 

l«l • \DA[,{domo + A))| = I71 <^ DA'^{do (g no + Aj)| < 

<C{\a\\ai\ + \DAa\ + \p\) < 

Since over dVo x [45, 86], |a| — > 1 exponentially fast as r — 00 we obtain that: 

(J 

\Da' {do (g no + A)) I < ^ (62) 

b) The (1, l)-component of the curvature equation 

Again, we only calculate for x € dVo x [4(5, 85] : 

41''^ - ^V-J (l"oP - 1 - \Po\') 0. = X4S,o (dao)^^'^) + jlPol'u^ 

= X45,0 (doo)^^'^^ + ^^IX45,o|^ 

Both terms in the last line converge in norm exponentially fast to zero on 
dVo X [45,85] as r ^ 00. 

c) The (0, 2) -component of the curvature equation 

Similar to the calculation for the (1, 1) -component of the curvature equation 
on dVo X [45, 85] , we have for the (0, 2) -component of the same equation: 



,(0,2) p(o,2) ir-^~ _ / , x{0,2) 



Once again, both terms on the right-hand side of the above equation converge 
in norm exponentially fast to zero as r converges to infinity. The proofs for the 
case of {A[,tp[) are similar and are left to the reader. □ 
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5.3 Surjectivity of and deforming (A^,^/;-) to an exact 

solution 

The strategy employed here is very similar to the one used in section 3.4 and 
we only spell out part of the details. We start by showing that L(yi/^^/ ) is 
surjective, the case .^/^ is identical. 

We begin by asking ourselves when the equation 

L{A'q,iP'o)Co = go (63) 

has a solution e L^'^(iA^ W^^) for a given go G L'^{ihP ih?'^ ® ^Eq)- 
Define the analogues of the isomorphisms Tj from section 3.3 to be: 

To : Cx(C/ U Vi) T{Eq] U U Vi) given by To(A, x) = A • 7o(x) and 
Ti : C X Fo ^ nEv. Vo) given by Ti(A, x) = A • 71 (x) 

Let 7 G L^(iA°©zA^'+© VFq"; C/UFi) be determined by the equation X255,o go = 
To (7) on [/ U and ^ G L2(iA° © iA^'+ © W^; Vb) be given by the equation 
'^r^('^) = (1 - X25S,o)go on Vb- Thus we can write go as: 

50 = Xioo5,o To(7) + (1 - X4S,o) '^T^i'i) (64) 

This last form suggests that, in order to split equation (63) into two components 
involving S, one should search for in the form 

Co = XiooJ,o To (77) + (1 - X4S,o) T^^k) (65) 

with 77 G L^'2(iA^ (g) Wq+; U li) and k G L^'2(iA^ © W^; Vo) . Using relations 
(64) and (65) in (63) one obtains the analogue of equation (31): 

Xioo5,oTo(r(r/) - T^^T^^r{dx45,o, 1^) - 7)+ 

+ (1 - X4S,oniHM{K) + Ti ToP(dxioo5,o, T/) - <?) = (66) 

The operators T' and M' are defined over UUVi and Vq respectively, through 
the relations: 

^0 = ToT 

We use these operators, defined only over portions of X, to define the operators 
T' and M' defined on all of X by: 

T' =(1 - XS,o)T + X5,oS 
M' =X200S,oM + (1 - X2005,o)^(A,V) 
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Split equation (66) into the following two equations: 

r'(r?)-To-iTrV(dx45,o,«)=7 

M'{k) + Ti ToV{dxioos,o,v) = ^ (67) 

It is easy to see that solutions to the system of equations (67) provide solu- 
tions to (66) by multiplying the two lines with XioO(5,o'^o and (1 — X4(5,oT^) 
respectively and adding them. 

The following lemma is the analogue of lemma 3.6, its proof is identical to that 
of lemma 3.6 and will be skipped here. 

Lemma 5.4 For every e > there exists an > 1 such that for r > the 
following hold: 

||(M' - L(^_^))a;||2 <e||x||2 
||(r'-5)y||2 <e||y||2 
Here x G L^^'^{iA^ W^) and y G L^'^{iA^ W^). 

The lemma allows us to replace the system (67) by the system: 

S{v) - ^Tj;^P((ix45,o, k) = 7 
L(A,i;){i^) + ToV(dxioo5,o, ri) =(, (68) 

The process of solving (68) is now step by step the analogue of solving (35). In 
particular, we solve the first of the two equations in (68) for ry in terms of k: 

rj = rjin) = S-\T^'T^'r{dx45fl, n) + 7) 
Use this in the second equation of (68) and rewrite it as: 

= ^{A,i)) ~ ^1 T^o^(c?Xioo5,o, ??(«))) 

To solve this last equation is the same as to find a fixed point of the map 
Y : L'^{iA^ e W^) L'^{iA^ W^) (the analogue of the map described by 
(38)) given by: 

Y{k) = L-^J^^^ (? - Ti ToP(dxioo5,o, ??('«))) 

The proof of the existence of a unique fixed point of Y follows from a word by 
word analogue of the proof of theorem 3.8 together with the discussion preceding 
the theorem. 

With the surjectivity of L(^j^{^^{^ proved, the process of deforming {A'-,tp'-) to an 
honest solution (Aj, V'j) is accomplished by the same method as used in section 
3.4 and will be skipped here. 
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To finish the proof theorem 5.1, we need to show that: 



{Ao,ipo)-{Ai,iPi) = {A,^p) 



This follows from the fact that as r — oo, the distance dist((ylj, V'i), (A'^tpl)) 
converges to zero, together with the following relations which follow directly 
from the definitions: 
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